Xn order to find some common features of relativistic fluid spheres without energy flow, the velocity field in the fluid spheres is examined from the standpoint of its covariant decomposition. The examination shows that, if the velocity field is· shear-free, its 4-divergence depends only on time and the converse is also true. It is also shown that the fluid spheres without energy flow dealt with recently by Mc Vittie, Thompson and Whitrow, Bonnor and Faulkes, Bondi and the author are all shear-free. § 1. Introduction and summary
§ 1. Introduction and summary
In previous papers/) the author found a class of analytical solutions of Einstein's field equations for a fluid sphere with pressure gradient, but without energy flow, and studied their physical properties. One of them corresponds to a pulsating sphere with finite amplitude and the other two represent bouncing spheres, but all of them are regular at any time. The procedure for finding the solutions was to impose a certain restriction on the metric tensor in a manner analogous to that employed by BuchdahP) for the derivation of a static fluid sphere resembling the Emden poly trope of index 5. This type of study was also performed by Mc Vittie,3) Vaidya/) Thompson and Whitro~, , 5) Bonnor and Faulkes 6 ) and Bondi.
)
Among these studies, Mc Vittie's seems to be the most systematic, but his procedure does not necessarily lead to a class of physically plausible solutions. However, the author's solutions belong to a special class of Mc Vittie's classification of the fluid spheres without energy flow. I) Another approach, in order to deal with the problem of gravitational collapse for a fluid sphere consisting of matter with a realistic equation of state, of Misner and his coworkers S ) and of Podurets 9 ) was to reduce Einstein's field equations for the fluid sphere to the system of partial differential equations of the first order, each one of which has a clear physical meaning. ) relied substantially on the second formalism. This type of study aims at solving Cauchy's problem for a realistic fluid sphere and so it is physically superior to the former type of study. At the present stage of our knowledge, however, the amount of information to be obtained numerically is much less than that to be obtained analytically.
In the above circumstances, it is worthwhile to make the former type of study stand on a more solid basis by means of finding some physical condition in terms of which the metric for a fluid sphere takes a particular form such as those adopted, for instance, by Mc Vittie 3 ) and Thompson and Whitrow. 5 ) For this purpose, the covariant decomposition of a velocity field in the sense of Ehlers 13 ) is useful. In § 2 the velocity field in a fluid sphere is decomposed and its surviving components are examined. We shall prove in § 3 that, if there is no energy flow, the vanishing of shear-part of the velocity field is equivalent to the position-independence of its 4-divergence. It is shown further that the metric for a fluid sphere without energy flow and with a shear-free velocity field is reduced to the form adopted by Thompson and Whitrow. where a dash denotes differentiation with respect to r. Similarly, the scalar (J is given by (2 ·10) where a dot denotes differentiation with respect to t.
On the other hand, it follows from Eqs. Since we have assumed that the interior region of a fluid sphere IS specified by the me:tric (2 ·1), Einstein's field equations for the fluid sphere are reduced to
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and
where T,/ is the energy-momentum tensor and G 
where Similarly, it follows from Eqs. (2·9) and (2 ·12) that
Since T/ is a 4-scalar, the invariant representation of the condition that there is no energy flow in the interior region is given by T/ == O. In this case, Eq. (3·8) is reduced to
On taking account of Eqs. (3 ·10) and (3 ·11), we have The case (i) shows that the scalar part {j of the velocity field is position-independent if there is no shear. On the contrary, the case (ii) suggests that the reverse is not necessarily true.
In order to determine whether the above suggestion is true, let us rewrite Eq. (3 ·13) as follows: 
field is shear-free. Then (3, 17) ' (3 ·18) Note that the restrIctIOn (3 ·17) imposed on the metric tensor (2·2) is equivalent to that adopted by Thompson and Whitrow. ·12) with their counterparts in Mc Vittie's paper,S) we easily see that the latter equations correspond to a special case of n = 1 in the former ones. In order that the :fluid sphere to be specified by Eqs. (4·2), (4·3), (4·6), (4·9), (4·10), (4·11) and (4·12) may not be unphysical, we must choose a suitable set of the three parameters (a, b, n) in such a way that the metric is regular in the interior region and both p and p are at least non-negative. It is interesting to study how many sets are permissible, but we shall remark here only the fact that the author'sl) regular solutions belong to the set: a = 3, b = 0 and n= 1. § 5. Integration of Eq. (4) (5) and further reduction
In the previous section, we have reduced Eq. (4·5) to the ordinary differential equation (4·10) for y=e'" with the assumptions (4·6) and (4·8). Of the two assumptions, the latter is always permissible and so we shall also adopt it in this section. On the other hand, the former is not compulsory. In fact, without recourse to Eq. (4·6), we can integrate Eq. (4·5) as follows:
where h (r) is an arbitrary function of r such as
This is necessary in order that Eq. (5 ·1) may be consistent with the boundary conditions
Y=a-l(t), f'Y'/fY=Y"/Y=-2m(t) at r=O,
derived from Eqs. (3 ·15), *) (3 ·17) and (3 -18) .
By inserting Eq. (4·8) and Y=e->Cj2 into Eq. (3·17), we obtain (5·3)
so that (ecf»1·=o=d(lna)/d(lnS) is not necessarily unity. Similarly, we can reduce Eqs. (4· 2) and (4· 3) to
On the other hand, it follows from Eqs. (3 ·17), (5 ·1) and (5·5) that *) In this equation, we have settled the t-coordinate in such a way that ~cf>= 1 at r=O, but Eq. (5· 3) can hold irrespective of such a settlement of t,
which is equivalent to Eq. (19) in Thompson and Whitrow's paper.G) The above equation shows' that p is r-independent if h (r) = 0 and its converse is also true by virtue of the boundary conditions (3 ·18) and (5·2). Moreover, Thompson and Whitrow considered solely uniform-density models collapsing to a point-singularity of infinite density, while B~nnor and Faulkes 6 ) and Bondi 7 ) considered' uniformdensity models with an oscillating motion and a bouncing one, respectively. For simplicity's sake, let us assume here that (6) (7) (8) where S2=rA2-Sb 00 or rA 2 +S I according as k=l, ° or -1. In addition, we can assure the condition p/3>p as well, without destroying the inequalities (6 -8) _ The 'regular solutions thus obtained are nothing but the ones derived III the previous papers.
l )
Remarks: We have also studied the uniform-density models III connection with the studies due to Thompson and Whitrow,5) Bonnor and Faulkes 6 ) and Bondi.
V )
The contents will be published III a separate paper.
